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ABSTRACT

Experimental data from Cluster have shown that entropy density can be generated across Earth’s bow shock.
These new observations are a starting point for a more sophisticated analysis that includes computer modeling
of a collisionless shock using observed shock parameters as input. In this Letter, we present the first comparison
between observations and particle-in-cell simulations of such entropy generation across a collisionless shock. The
ion heating at the shock is dominated by the phase mixing of reflected and directly transmitted ions, which are
separated from the incident ions. The electron heating is a nearly thermal process due to the conservation of
their angular momentum. For both species, we calculate the entropy density across the shock, and obtain good
consistency between observations and simulations on entropy generation across the shock. We also find that the
entropy generation rate is reduced as the shock Mach number decreases.
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1. INTRODUCTION

Collisionless shocks are of great interest in space physics,
plasma physics, and astrophysics. In the shock transition, the
bulk energy of the plasma is converted into thermal energy in the
absence of particle collisions (Tidmann & Krall 1971; Lembege
et al. 2004; Burgess et al. 2005). The shock is also thought to
be an important source of high-energy particles, such as solar
energetic particles (Reames 1999) and cosmic rays (Ellison &
Reynolds 1991; Guo et al. 2010). It is a fundamental issue to
understand the energy dissipation mechanism and, in particular,
entropy evolution across a collisionless shock. It is expected
from a fluid point of view that entropy has to increase across a
shock, as required by the jump conditions (Birn et al. 2004; Liu
et al. 2007). However, it is not clear what causes the entropy
change across a collisionless shock and how the entropy change
is connected with the kinetic properties of the plasma.

The concept of entropy was developed by Ludwig Boltz-
mann to resolve the problem of why macroscopic systems are
irreversible. Boltzmann’s entropy is defined as S = −kBH ,
where H = ∫

f lnf dτ , according to the Gibbs entropy for-
mula (Jaynes 1965). Here, kB is Boltzmann’s constant, and f is
the particle distribution function. If we consider the local en-
tropy at a point in space (Montgomery & Tidman 1964), then
dτ is the volume element in the full velocity space. Plasma
experiments, such as those on Cluster and Double Star (Reme
et al. 1997; Johnstone et al. 1997), routinely measure three-
dimensional (3D) velocity distributions of the particles in the
regions upstream, downstream, and across Earth’s bow shock.
The characteristics of the plasma entropy density across Earth’s
bow shock have been first reported by Parks et al. (2012) using
data from Cluster. They found that the plasma entropy density
can be dramatically changed at the shock. An ideal approach

is to trace the particles within a magnetic flux tube and study
the evolution of their total entropy. The flux tube, however, can-
not be measured by a spacecraft. Hence, Parks et al. (2012)
worked with an h function: h = ∑

pi lnpi at a point in space,
where pi = fiΔ3vi/N (i indexes the sampled velocity space
volume elements, and N is the particle number in the space vol-
ume) is the defined normalized distribution so that

∑
pi = 1

(Montgomery & Tidman 1964). The quantity h is named the
entropy density. Their experimental data clearly show that the
entropy density increases mainly at the shock front. Park et al.
(2012) studied the particle energization at a collisionless shock
using a particle-in-cell (PIC) code and suggested that the fluctu-
ating electromagnetic fields are necessary for the entropy den-
sity creation throughout the downstream region. The underly-
ing mechanisms of how a collisionless shock generates entropy,
however, still remain unclear.

In this Letter, we present the first detailed comparison
between observations and PIC simulations on the entropy
generation process across a collisionless shock. We use shock
parameters measured by Cluster as input to the simulation. In the
simulation, particle behavior can be traced from the upstream to
the downstream regions of the shock. Using results from the PIC
simulation, we calculate the entropy density as in Parks et al.
(2012). The simulation results are then compared with Cluster
observations. The purpose of our simulation is to understand
why the entropy is generated mainly at the shock front and to
determine the effect of the particle velocity distribution function
on the evolution of the entropy density.

2. COMPARISON BETWEEN OBSERVATIONS
AND SIMULATIONS

An example of how entropy increases across the bow shock
is illustrated in Figure 1. The observations were made on
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Figure 1. Observation of the solar wind across a collionless shock (after Parks
et al. 2012). From top to bottom, the panels show the magnetic field and
components across the shock (a), energy spectrogram of ions (b), bulk velocities
computed from the 3D distribution functions (c), entropy density (black) and
the change rate of entropy density (red) of ions (d), and entropy density (black)
and the change rate of entropy density (red) of electrons (e).

(A color version of this figure is available in the online journal.)

2002 February 1. Measurements from the four Cluster space-
craft show the angle between the shock normal and the up-
stream magnetic field θBn ∼ 82◦–88◦, the Alfvén Mach number
MA ∼ 3.0–3.5 (Parks et al. 2012), and the plasma ion beta
βi ∼ 0.5 (measured from Cluster/CIS). This is a supercritical,
quasi-perpendicular collisionless shock. Figure 1 shows that this
was an outbound crossing of Earth’s bow shock by Cluster at
∼19:40 UT on 2002 February 1 (Parks et al. 2012). The solar
wind (SW) appears as a narrow beam centered around ∼600 eV
in the energy flux spectrogram after 19:40 UT (Figure 1(b)).
The magnetosheath particles cover a broad energy range, from
∼10 eV to several keV (Figure 1(b), before 19:40 UT); they
appear different from the shocked particles in the immediate
downstream region (Figure 1(b), around 19:40 UT). The up-
stream SW speed is Vx ∼ −320 km s−1 and is slowed down
to ∼ −75 km s−1 at the shock crossing (Figure 1(c)). The h
functions for the SW ions and electrons (Figures 1(d) and (e),
black) become more negative across the shock front (i.e., the
value of entropy density increases). The change rate dh/dt is
almost unchanged in the upstream (Figures 1(d) and (e), red),
then starts to turn negative at the foot and reaches the minimum
within the shock front.

A one-dimensional (1D) electromagnetic full-particle code
is used to simulate the shock using the above observed plasma
parameters as input. It can give 3D information in the velocity
space. As in previous works (Leroy et al. 1982; Leory & Winske
1983; Quest 1985; Su et al. 2012), a reflecting wall method is
employed to generate the shock. Particles are injected on the
right-hand side of the simulation box with an inflow/upstream
drift speed Vinj and are reflected at the left-hand side. The
distribution functions of the ions and electrons are Maxwellian
in the velocity space centered at Vinj. The shock is built up as in
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Figure 2. Simulation of the solar wind across a collionless shock. From top to
bottom, the panels show the magnetic field and components across the shock
(a), energy spectrogram of ions (b), bulk velocities computed from the 3D
distribution functions (c), entropy density (black) and the change rate of entropy
density (red) of ions (d), and entropy density (black) and the change rate of
entropy density (red) of electrons (e).

(A color version of this figure is available in the online journal.)

earlier works (Scholer & Matsukiyo 2004; Chapman et al. 2005)
and moves with a speed Vref from the left-hand side toward the
right (in the downstream rest frame). The velocities are given in
units of the upstream Aflvén velocity VA. The upstream Alfvén
Mach number of the shock is MA = (Vref − Vinj)/VA ∼ 3.4.
All basic parameters are as follows: the plasma box size length
Lx = 80λi (where λi is the ion inertial length c/ωpi), the mass
ratio mi/me = 100, and the ion beta βi = 0.5. The magnetic
field is given in units of the upstream magnetic field magnitude
Bo. Initially, there are 400 ions and 400 electrons per grid cell.

The numerical simulation results are plotted in Figure 2. For
convenience, simulation data obtained in the downstream rest
frame have been converted to the shock frame. The simulation
results are remarkably similar to the experimental data. The
tangential component of the magnetic field (Bz) has a jump
from Bo to 3.7Bo (from the foot to the overshoot, Figure 2(a)).
The shock is nearly stationary, i.e., the electromagnetic profiles
versus time in this setting are almost unchanged (Yang et al.
2013). The shock ramp is located at X = 0. Figure 2(b)
shows that the energy spectrogram of the ions is a cold
SW beam in the upstream (X > 0), and covers a broad
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Figure 3. Solar wind ion distributions from simulations. (a) Space–velocity distribution (X − vx − vz) of the solar wind ions. The ions are separated into three parts:
incident ions (black dots), reflected (“R,” red dots) ions, and directly transmitted (“DT,” blue dots) ions. (b) Ion velocity distributions in the upstream (box I as marked
in panel (a)). (c), (d) Ion velocity distributions right before and after the shock ramp in the shock transition (boxes II and III as marked in panel (a)). (e) Ion velocity
distributions in the far downstream (box IV as marked in panel (a)). The vertical blue dashed line indicates the local bulk speed of the ions. The black, red, and blue
dots show the distribution functions of the incident, R, and DT ions, respectively. The total distribution in each box is also shown for reference (black solid curve).

(A color version of this figure is available in the online journal.)

range in the downstream (X < 0). This is consistent with
Cluster observations (Figure 1(b)). The bulk velocity of the
plasma in the shock normal direction (Vx) starts to decrease
at the foot (Figure 2(c)). The entropy densities h of ions
and electrons and their variations dh/dx (in units of Δx−1,
where Δx = 0.25λi is the size of sampling boxes) are all
consistent with the Cluster data, as shown in Figures 2(d)
and (e). The entropy density h becomes more negative across
the shock front (i.e., the entropy density increases), as the
rate dh/dx is negative. Note that the comparison between
simulations and observations can only be applied from the
upstream to immediate downstream region. In observations, the
particle dynamics in the far downstream region are contaminated
by mixing with the magnetosheath particles (<19:39:50 UT,
Figure 1(b)). In reality, the magnetosheath material can include
particles generated by different shock geometries (quasi-parallel
shocks or quasi-perpendicular shocks).

In both observations and simulations, we find that the entropy
density h mainly increases at the shock front for both ions
and electrons. To understand what causes the entropy change
and particle heating, we trace the particles from upstream
to downstream and examine their local velocity distribution
functions in the vicinity of the shock.

Figure 3 shows the ion distributions across the shock from
our simulations. In Figure 3(a) (phase space plots), the SW
ions can be separated into three parts (Burgess et al. 1989;
Yang et al. 2009): incident ions (black dots), reflected (R, red
dots) ions, and directly transmitted (DT, blue dots) ions. The
R ions are accelerated and reflected at the shock front, so they
become more diffusive in the velocity space. Their velocity
distribution function is clearly not Maxwellian. In contrast,
the DT ions have a broadened Maxwellian-like distribution
in the downstream region. The velocity distributions in four
sampling boxes are plotted separately, with box I (from X = 5λi
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Figure 4. Plots similar to Figure 3, but for electrons.

(A color version of this figure is available in the online journal.)

to 6λi) corresponding to the upstream SW, boxes II (from
X = 0 to 1λi) and III (from X = −1.5λi to −0.5λi)
corresponding to the regions right before and after the ramp
within the shock transition, and box IV (from X = −14λi to
−13λi) corresponding to the far downstream/sheath region. In
the upstream region (Figure 3(b)), the distribution function in
box I is Maxwellian and centered at the local bulk speed Vx
(marked by the vertical blue dashed line). From the foot to the
ramp (Figure 3(c)), shows that the local particle distribution in
box II is composed of two subpopulations: fresh incident SW
ions (black dots) and reflected gyrating ions (red dots). The
superposition of these two populations produces an asymmetric
velocity distribution function of the ions (black curve), as we
can see from Figure 3(c). This multiple ion distribution has been
observed by Cluster during the bow shock crossing (Parks et al.
2012). Parks et al. (2012) show that an asymmetric velocity
distribution can give rise to the entropy density change using
a simplified Vlasov model. Therefore, the entropy density of
ions is generated from the beginning of the foot. From the ramp
to the overshoot (Figure 3(d)), the local velocity distribution
in box III is also asymmetric owing to superposition of the

two components: R (red dots) and DT (blue dots) ions. The
distribution function of DT ions can be well fit by a convected
Maxwellian distribution with a thermal speed vth ≈ 1.26VA.
Combining Figures 3(c) and (d), we can see that the velocity
component vx of the R ions shifts from positive to negative due
to their gyromotion from box II to box III. Figure 3(e) shows
the velocity distribution of the ions in the far downstream. The
DT ions can still be fit by a convected Maxwellian distribution
function (vth ≈ 1.33VA). The gyrating R ions have a drift-
ring distribution in the velocity space (see Figure 3(a)). The
total distribution function in the downstream becomes roughly
symmetric relative to the local bulk speed, and the entropy
density change returns to ∼0 (see Figure 2). In summary, the
entropy density can only be drastically increased around the
shock front. This is consistent with the Cluster observations
(Parks et al. 2012).

Figure 4 shows plots similar to Figure 3 for electrons.
The velocity distribution functions of the electrons across the
shock are nearly symmetric. The electron heating mechanism
is different from that of the ions. The ion heating is mainly due
to the phase mixing of the reflected and directly transmitted

4



The Astrophysical Journal Letters, 793:L11 (6pp), 2014 September 20 Yang et al.

−1

0

1

B
 / 

B
0

(a)

|B|
B

x
B

y
B

z

−8

−6

−4

−2

0

h
(b) −1

0

1

dh/dx (Δ
 x

−
1)

−2 0 2 4 6 8 10

−8

−6

−4

−2

0

X / λ
i

h

(c) −1

0

1

dh/dx (Δ
 x

−
1)

−4 −2 0 2
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

v
x
 / V

A

f(
v x)

(d) box I

−4 −2 0 2

v
x
 / V

A

(e) box II

−4 −2 0 2

v
x
 / V

A

(f) box IV

Figure 5. Entropy change across a subcritical shock (MA ∼ 1.65). (a) Magnetic field and components. (b) Entropy density (black) and the change rate of entropy
density (red) of ions. (c) Entropy density (black) and the change rate of entropy density (red) of electrons. (d)–(f) Ion velocity distribution functions in the upstream,
the shock transition, and the downstream regions, respectively. The vertical blue dashed line indicates the local bulk speed of the ions. The upstream Maxwellian
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(A color version of this figure is available in the online journal.)

ions. This is primarily a non-thermal process (Winske & Quest
1988; Burgess et al. 1989; Lu & Li 2007; Wu et al. 2009).
For electrons, the angular momentum L = (2me/qe)(W⊥/B) is
nearly conserved during the shock crossing because their gyro-
radii are much smaller than the shock transition scale. Thus,
the electron temperature increases as the magnetic field B is
enhanced at the shock front. This is nearly a thermal process.
Both processes indicate an apparent temperature increase, but
the underlying physical mechanisms are different.

In the calculation of the entropy density, the effect of the
volume change of a flux tube, which is likely to be compressed
by the shock, is not included. To calculate the total entropy
change in a closed system, we must consider the volume change
of the flux tube. Unfortunately, the flux tube cannot be measured
in either spacecraft observations or numerical simulations. Here,
we estimate the entropy change per particle ΔS/N inside a
flux tube across the shock by using the local compression
ratio r = B/Bo and the apparent temperatures, where N is
the number of particles in the flux tube. Based on the Gibbs
entropy formula (Montgomery & Tidman 1964; Ben-Naim
2008; Parks et al. 2012), the entropy change per particle in the

flux tube can be derived as ΔS/N = ln[1/r(T/To)d/2], where
d is the number of degrees of freedom and T and To indicate
the temperatures measured in the upstream and downstream
regions. The estimated value may provide a clue as to how
the total entropy changes in a flux tube from the upstream to
downstream region of the shock.

By using the entropy formula above, the entropy change
across the shock can be estimated in two different ways. (1)
Purely based on the MHD Rankine–Hugoniot jump conditions
across the shock, the temperature jump from upstream to
downstream can be evaluated as T/To = rγ−1, where the
compression ratio r = B/Bo = N/No ≈ 2.28 in our case.
For simplicity, the polytropic index γ is estimated using the
high-Mach-number limit r = (γ + 1)/(γ − 1). Eventually, we
obtain the entropy jump across the shock ΔS/N ≈ 1.1. (2) From
a kinetic point of view, we can calculate the temperature jump
T/To for SW ions and electrons from the particle data in the PIC
simulation. Values of ΔS/N for ions and electrons are equal to
1.7 and 0.23, respectively. The average entropy change per SW
particle is ΔS/N ≈ 0.97. The result is similar to the estimate by
Rankine-Hugoniot jump conditions.
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3. ENTROPY GENERATION AT A SUBCRITICAL SHOCK

We have also carried out a simulation of a subcritical shock
case to compare with the scenario of supercritical shocks. The
shock Mach number is MA ∼ 1.65, and the other setups
of plasma parameters are kept unchanged. Figure 5 shows
the entropy change and ion velocity distributions for this
subcritical shock case. At the shock, the magnetic field jump
is roughly in the form of a tangent function due to the limited
number of reflected ions (Figure 5(a)). The entropy change
at the shock front is small for both ions and electrons. For
electrons, the velocity distribution (not shown here) is still nearly
symmetric and the temperature increase is not considerable in
this subcritical case. The ions at the shock transition have a
Maxwellian-like velocity distribution but with a high-energy
tail (the fraction of R ions gets smaller than in Figure 3 for a
supercritical shock). This leads to a weak entropy generation.
Therefore, we suggest that the entropy generation rate is reduced
across a shock as the shock MA decreases.

4. SUMMARY AND DISCUSSION

We have compared observations and simulations of entropy
generation across a collisionless shock for the first time. Our
simulation results of the entropy change per unit volume across
the shock agree well with Cluster observations of Earth’s
bow shock. The shock acts as a source of generating an
asymmetry in the ion velocity distribution: the shock reflects
some particles, which, superposed on the fresh incident particles
or directly transmitted particles, produces asymmetry in the
velocity distribution function. The ion entropy density hence
increases at the shock owing to phase mixing. For electrons,
the entropy density increase is mainly due to a nearly thermal
process. We estimate the total entropy for both species in a flux
tube across the shock, which again indicates entropy increase
across the shock. We also find that at a subcritical shock, the
entropy generation rate is reduced because of the limitation of
reflected ions and weak electron temperature enhancement.

Previous hybrid simulations (Thomas 1989; Guo & Giacalone
2013) show that the assumed geometry (1D, two-dimensional
(2D), or 3D) of the simulation has an impact on the downstream
ion velocity distribution. In higher dimensional hybrid simula-
tions, the temperature anisotropy tends to become weaker. In
order to examine carefully the impact of geometry on the PIC
simulation results, we have also carried out a 2D PIC simula-
tion with the same input of upstream plasma parameters as the
1D one (not shown here). A comparison between the 1D and

2D simulations shows the following. (1) Local excited waves
at the 2D shock could modify the local particle distributions
to a certain extent as expected. This leads to some changes in
the entropy value, but not much. (2) The variation tendency of
entropy across the shock in 1D and 2D cases are quite similar. A
3D simulation, which requires an extensive computation time,
is expected to give similar results. Thus, the 1D simulation re-
sults basically can be used to describe the physics of entropy
generation process observed by the Cluster satellite.
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for helpful discussions. This research was supported by NSFC
under grants No. 41204106 and 41374173 the Specialized Re-
search Fund for State Key Laboratories of China, the Recruit-
ment Program of Global Experts of China, and the Shanghai
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REFERENCES

Ben-Naim, A. 2008, A Farewell to Entropy: Statistical Thermodynamics Based
on Information (Singapore: World Scientific)

Birn, J., Raeder, J., Wang, Y. L., et al. 2004, AnGeo, 22, 1773
Burgess, D., Lucek, E. A., Scholer, M., et al. 2005, SSRv, 110, 161
Burgess, D., Wilkinson, W. P., & Schwartz, S. J. 1989, JGR, 94,

A7, 8783
Chapman, S. C., Lee, R. E., & Dendy, R. O. 2005, SSRv, 121, 5
Ellison, D. C., & Reynolds, S. P. 1991, ApJ, 382, 242
Guo, F., & Giacalone, J. 2013, ApJ, 773, 158
Guo, F., Jokipii, J. R., & Kota, J. 2010, ApJ, 725, 128
Jaynes, E. T. 1965, AmJPh, 33, 5, 391
Johnstone, A. D., Alsop, C., Burge, S., et al. 1997, SSRv, 79, 351
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